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Perfect-Gas Area Changes

Relation for local area, A(x) and local Mach number, M(x)

The perfect-gas and isentropic relations can be used to
convert the continuity equation into an algebraic
expression involving only area and Mach number.
Consider the mass flow at any section, A(x) to the
mass flow under sonic (M = 1.0) conditions as:
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Perfect-Gas Area Changes

V =0

Reservoir

*
= [at sonic point M :l.O:V—*]
a

M=>1.0
(supersonic)

M<1.0

po ’ TO : pO (subsonic) g
VKRT * Flow _AX A% AK)

et

vix) (To ) \T(X)

L (2 [, k=L a0 T kedloa) TH (2
_M(x)(k+1j [1+ 5 M(x)} ; M(X) = atM =1.0; T (1+ > M j - _( j

1

R A
v(ix) M(x) [\k+1 2

© Dr. A.B.M. Toufique Hasan (BUET) L-3 T-2, Dept. of ME ME 323: Fluid Mechanics-Il (Jan. 2024) 3



Perfect-Gas Area Changes

Use these two expressions in equation (1);
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Quantitative relation between area and velocity

This equation is to solve any one-dimensional isentropic gas flow problem given that the shape of the
duct A(x) and the stagnation conditions are known and assuming that there are no shock waves in the

duct (perfect/correct/ideal expansion).
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Perfect-Gas Area Changes

For air (k = 1.4), the equation (2) comes as

k+1

AX) 1 |2+(k-DM(x)* [2D 2) ;
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A* M(x)  1.728 : = - /
T Thijoat
1 s
expansion ratio, & 0 : ;
I 1. M 2 3
* Figure shows that the minimum area that can occur in a
given isentropic duct flow is sonic, or critical, throat area. Area-Mach relation (isentropic, ideal)

« Each area ratio (A(x)/A* i.e. expansion ratio) corresponds
to the values of two Mach number.

 One value is for subsonic flow case (M < 1) and other
Is for supersonic flow (M > 1).
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po/p=(1+ —Mz)k/(k_l)
2 po/p=(1+ %MZ)U(H)
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properties versus Mach number for M il_
1sentropic flow of a perfect gas with ['-'D.D 035 I 15 7 15 3
k=1.4. Mach number
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Problem

A planar (X, y) convergent-divergent (C-D) nozzle is being used to expand the air to supersonic
speed from a large reservoir as shown in Fig. The reservoir pressure and temperature are kept at 500
kPa and 300K, respectively Determine the Mach number, static pressure and temperature at the
stations shown in the figure. Graphically present your results. Consider 1D isentropic flow in your

calculation.

The location and dimension of the stations are given in the following table:

Station # 1 2* 3 4 5 6
height, y (mm) 25 20 22 25 28 31

po w‘_/'

— ) [ ] [ [

il

1 2% 3 4
—_—
X
Solution:
21\3
AX)_ 1 [1+02M(%)?) MO
A*  M(X) 1.728
L
&:(prk;lM(X)ZjH — p(x)
p(x) 2
T, k-1 2
T 1+TM (x) — T(x) Plot M(x) vs. X, p(x) vs. x and T(x) vs. X
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Problem

An axisymmetric convergent-divergent (C-D) nozzle is being used to expand the air to supersonic
speed from a large reservoir as shown in Fig. The reservoir pressure and temperature are kept at 500
kPa and 300K, respectively. Determine the Mach number, static pressure and temperature at the
stations shown in the figure. Graphically present your results. Consider 1D isentropic flow in your
calculation.

The location and dimension of the stations are given in the following table:

Station # 1 2* 3 4 5 6
diameter, d (mm) 25 20 22 25 28 31

po w‘_/' B

B —— ° ® (] [ [ ] —_—>

/ — Supersonic air jet

| 2% 3 4 5 6
Solution: X

AX) 1 ([1+02M(x)?)
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Po_ =(1+k41 M (x)ZJK‘1 — p(x)

p(x) ?
T :(1+k;1|\/|(x)2) — T(x) Plot M(X) vs. X, p(x) vs. x and T(x) vs. X
T(x) 2 P ' '
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Problem

An axisymmetric convergent-divergent (C-D) duct is being feed supersonically (M >1) as shown
In Fig. The static pressure and temperature at station # 1 are 30 kPa and 150K, respectively.
Determine the Mach number, static pressure and temperature at the stations shown in the figure.
Graphically present your results. Consider 1D isentropic flow in your calculation.

The location and dimension of the stations are given in the following table:

Station # 1 2%
diameter, d (mm) 25 20

22 25 28 31

Solution: Duct will act as a supersonic diffuser.

AX) 1 ([1+0.2M(x)?)
A* M (X) 1.728
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Plot M(x) vs. X, p(X) vs. x and T(x) vs. X
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Axial Thrust

Nozzles are used to develop axial thrust from high velocity

jet from its exit. exit
pe ’Me
I
Axial isentropic (ideal) thrust of the converging nozzle Reservoir o *Py
could be predicted by Po: T, et V.
T =V NPR=p,/p,
e
converging nozzle
= T =p, AV, xV, o
2
=T =pAV,

Exit jet velocity is to be determined: V, =7

© Dr. A.B.M. Toufique Hasan (BUET) L-3 T-2, Dept. of ME ME 323: Fluid Mechanics-Il (Jan. 2024) 10



Exit Jet Velocity

Consider two points in a flowing fluid: where 0O: stagnation point (V, = 0) and
other local point at exit (V,# 0). The energy equation for 1-D isentropic flow-

2
(Ljﬂ + V— = constant
k-1)p 2

2 2
() ()
k-1) p, k-1)p, 2

= V.° +ikRTe =ikRT0
k-1 k-1

= V.° +ia62=ia\02
k-1 k-1
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a, = VKRT,
a, = VKRT,
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Exit Jet Velocity
v, ZH] ﬂ
k-1 a,
v _ ) BT |1 T, % ay = VKRT, exit
- e—ia T a, = VKRT, \,Me
. ' M °p,

. - 1) 5 Reseq_/oir S
=V, =<k2—1<1RTO 1-[%} L Porto eV,
\ i 1) From isentropic relation NPR=p/p,
| L ) [pe]kkl ) (pe]kl converging nozzle
| T B Po B Lo

Exit jet velocity is determined as:

g —
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Axial Thrust

Now the axial thrust comes as:

T =mV,
=T =p. AV, xV,
=T =p AV,
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Ideal gas approx.
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Axial Thrust

[ 1)

k-1

L
D. |k 2k (pjk
ST=p, | 22| A |1 2 |
° (pol k-1 Po

L —J

Keeping the reservoir pressure, p, fixed; with the decrease of back

: : ) o : exit
pressure, p, (or vice versa), the jet velocity will increase until the JRY
maximum jet velocity of M = 1.0. In all such cases, p, = p, ' .

: ; M o
Reservoir _‘.»e Py
v I k1) Po T, Jet, V,
Py | 2K Py | ¢ :
=T = o — 1| =2 - -
Po (poj AV 0, NPR= p/p,
L N uy converging nozzle
1 - — E—\
1k 2k 1 k
=T =D (NPR] A k -1 1_(NPRJ ( Nozzle pressureratio, NPR=&
B 1 Pp
1 k-1
T ( 1 jk 2K ( 1 j k : :
>—=pP | —= | 1 — |1-| —= Isentropic Thrust per unit nozzle
A NPR k-1 NPR throat area

convergingnozzle : A, = A
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Axial Thrust

Forair (k=1.4)and at critical condition (pressure ratio of 1.8929):

.

1 '

T 1|4
A~ P (18929

— 1~ 0.7395 p,
A
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2(1.4)
1.4-1

1
1.8929

14-1 1)

)W

exit
\1'\/'e
0

Reservoir

P T, =

:jet, V,
NPR=p,/p,

converging nozzle

In case of converging nozzle, the maximum possible isentropic thrust
per unit throat area is = 74% of the reservoir pressure.

How about the remaining 26%?
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Problem

A pitot-static tube is placed in a subsonic air flow. The static
pressure and temperature in the flow are 80 kPa and 12°C
respectively. The difference between the pitot and static
pressures is measured using a manometer and found to be
200 mm of Hg. Find the air velocity and the Mach number.

Solution:

Po— P = p,gAHM
= (13.6 X 1000)(9.8)(200 x 1073) = 26.68 kPa

Po— P _ 26.68
T p 80
SP_1-0333 2P0 1333
p p
B E 7 k/(k_l) B
p,/p= (1 +2M ) ~ M = 0.654

+V =Ma = (0.654)\/kR(273 + 12) = 221.4m/s
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Pitot—static

Subsonic

flow (M < 1) l

=p

p=80kPa
T=12°C

Static pressure T ﬂ“
P

tube

14
e

N

Both

l closed
Po

p
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Problem

However, using incompressible pitot-static tube relation: Aot

2(p,—p) | 2(26.68 x 10%)
|4 \/ P \] 30 < 10° 33.6m/s

(287)(273 + 12)
p
I 200 mm
Error 5.5 % !l
Use the correct equation to determine the flow velocity in case of Mercury

compressible subsonic flow.

Normal shock static

However, measurement in supersonic flow will be M, <1 pr?“”epo“
complicated due to formation of normal shock wave b= " =
. p 02 .
In front of the tube ! v, .,
stagnatlon
pressure port
Pitot- static /" |
tube
T
N}/
C
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